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ABSTRACT 
A photoelastic investigation of high speed crack propagation and 
branching in a brittle polyester material called Homalite 100 was con-
ducted for both uniaxial and biaxial loading conditions. Cross type 
specimens were loaded in a specially designed loading fixture where 
loads perpendicular and parallel to the crack could be controlled in-
dependently. 
The photoelastic data obtained were analyzed to get the stress in-
tensity factor K, the crack tip position a, the crack velocity a and 
other non-singular stress field coefficients including the stress acting 
parallel to the crack, a . 
ox 
It was observed that K showed an increasing trend as the crack 
propagated through the specimens. Tensile stress parallel to the crack 
gave rise to higher stress intensity factors, compared to the compressive 
case for the same crack tip positions and .initial normal loads. It 
was also found that tensile parallel remote stress enhanced branching 
and branching angle. While branching angles of 22° to 29° were en-
countered in uniaxial normal loading and biaxial tension-compression 
loading, angles as high as 45° and 73° were obtained in the tension-
tension case. 
It was concluded in this study that any crack branching criterion 
has to take into account the nature of the remote stress parallel to the 
crack and that crack branching is strongly influenced by non-singular 
stress field coefficients. 
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1. INTRODUCTION 
This study is concerned with high speed crack propagation and 
branching in a brittle polye ter model material called Homalite 100, 
under uniaxial and biaxial loading conditions. 
High speed crack propagation and branching are of interest in 
several fields like mining and aircraft industries and large structures 
like nuclear reactors, pipelines, ships, etc. In the mining industry, 
one wants to optimize fragmentation and thus reduce the cost of mining 
operations by controlled fracturing. On the other hand, in structures 
like ships, bridges, pressure vessels etc., one wants to know if the 
crack will arrest after initiation or will go through the structure. 
Dynamic fracture has always been one of the most important and 
difficult problems in mechanics. The existence of singularity at the 
crack tip and the inertia effects make it extremely difficult to ob-
tain a solution by either analytical or numerical techniques. 
Researchers [1,2,3,4] have been attempting to characterize dynamic 
fracture in terms of a relation between. the stress intensity factor, 
K and crack velocity a for different materials. However, till now, 
no study has been conducted to investigate the influence of non 
singular stress field coefficients on the a-K behavior. 
In the experimental studies of Fracture Mechanics, photoelasticity 
is a widely used technique to determine the stress intensity factor K 
at the crack tip. Though Post [5] and Wells and Post [6] applied photo-
1 
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elasticity to study the static and dynamic aspects of fracture and 
Irwin [7] developed a simple method to determine K from isochromatic 
fringe loops, the photoelastic community largely ignored fracture 
mechanics, in its formative period. Dixon [8] and Gerberich [9] were 
exceptions as they applied birefringent coatings to study strain fields 
near the crack tip in metallic plates. 
In the past decade, major research programs in fracture mechanics 
have been started by C.W. Smith at Virginia Polytechnic Institute, 
A.S. Kobayashi at the University of Washington and J.W. Dally at the 
University of Maryland. C.W. Smith and his associates [IO] have applied 
the stress-freezing technique to determine the stress intensity factor 
in a number of three dimensional crack problems. A.S. Kobayashi and his 
associates have used both dynamic photoelasticity and finite element 
methods to determine the dynamic state of stress at the tip of a propa-
gating crack. Dally and his associates [2,11] have. also employed dy-
namic photoelasticity in their studies of propagating cracks. 
In photoelastic crack tip stress analysis, it is not advisable to 
use data from near the crack tip for practical reasons like fringe 
clarity, light scattering from the caustic at the crack tip, an unknown 
degree of plane strain constraint and so on [12]. In order to perform 
meaningful analysis from a larger and more desirable area in the stress 
field, additional non-singular terms have to be included. In this re-
search, the equations derived by Irwin [13] were used and the series 
coefficients, including the stress intensity factor, were obtained 
using a multipoint over-deterministic technique developed by Sanford 
and Dally [14]. A tota l of six stress field coefficients were included 
for the analysis and a computer program was written in BASIC language 
3 
to obtain the values of the coefficients. 
The results showed that the stress intensity factor, K and the far-
field stress parallel to the crack, a ox, varied systematically as the 
crack propagated across the specimen and higher order terms showed an 
oscillatory behavior. The value of the stress intensity factor at 
branching seemed to vary slightly depending on the initial normal load 
applied. The branching angle depended on the nature of the far-field 
stress. 
2. REVIEW OF RELATED RESEARCH ON HIGH SPEED 
CRACK PROPAGATION AND BRANCHING 
Dynamic crack propagation and branching is best discussed in terms 
of crack propagation velocity a and the stress intensity factor, K. The 
Fracture Mechanics groups at the University of Maryland [1,2,3], Uni-
versity of Washington [4] and other institutions have made important 
contributions to the characterization of dynamic crack propagation by 
means of the relationship between the crack velocity and the stress 
intensity factor. 
Irwin, Dally and others [l] performed a series of fracture tests 
with various types of specimens fabricated from Homalite 100 and observed 
that the a versus K curve had three distinct regions, the stem, the 
slope range and the plateau, as shown in Fig. 1. In the stem region, 
the crack velocity is independent of K. Small changes of K cause con-
siderable changes in the crack velocity, up to velocities of about 
200 m/s. The slope range is the transition region covering crack 
velocities from 200 to 381 m/s. For higher velocities, a large increase 
in K is needed even for small increases in a. This is the plateau 
region. The highest velocity of crack propagation recorded in these 
experiments was 432 m/s. Rossmanith and Irwin [3] suggested tha t the 
a vs K r elationship, as obtained from experiments with test specimens, 
depends in the high velocity region on the type of test specimen used. 
Irwin et al [l] concluded that the value Kim' which is the stress in-
tensity factor below which the crack cannot propagate, can be treated 
4 
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as a material property. Though it has been shown theoretically [16] that 
the maximum crack velocity which can be achieved is a = CR' the Rayleigh 
wave velocity, this value is not attained for most of the materials in 
practice because branching occurs at lower velocities and the energy 
driving the crack is divided. Dally and his associates [2] observed that 
in the case of Homalite 100, branching occurs with the SEN specimen 
when a/ c2 = 0.32 to 0.35. The velocity at branching is often called 
the terminal velocity aT and it is generally believed that aT is the 
maximum which can be achieved for a given material. However super-
velocities of the order of 726 m/s were obtained by explosive testing 
wherein branching was suppressed to an extent by stress waves [2]. 
Coming to the phenomenon of crack branching, numerous researchers 
have performed prebranching and post branching analyses but their re-
sults rarely agree. Pre branching analysis looks for criteria for 
crack branching while post branching analysis deals primarily with the 
direction and the propagation of the branched crack. 
Yaffe [16] was the first to study the dynamic stress field around 
a moving crack tip and found that the circlimferential stress cr88 
reaches a maximum at an angle of 60° for a/c2 = 0.6 which is different 
from its original direction of 8 = 0 for lower crack velocities. It 
was also concluded that the branching angle was 2x60° = 120°. Craggs 
[17] derived a critical crack velocity of a/cl = 0.4 for a propagating 
semi-infinite crack. However, in experiments, velocities close to the 
critical velocity ~ere never attained and in phenomena like stress 
corrosion cracking, branching occurred at very low velocities. So some 
other parameter, rather than just the velocity, should be connected 
with branching. Clark and Irwin [18] suggested that the dynamic stress 
6 
. si"ty factor should reach a critical value , Kb (or the strain energy 
1 nten 
release rate should reach a critical value, Gb) for branching to occur 
at terminal velocity. Kalthoff [19] found that there is a characteristic 
forking angle in which case the branches neither repel nor attract each 
other. The corresponding branching angle was about 30°. 
Kobayashi et al [4] observed that the branching stress intensity 
factor for Homalite 100 was approximately three times the fracture 
toughness. K values of the order of 1.54 and 1.98 MPaliil were encountered 
for 3/8" and 1/811 thick sheets at branching. These values were equal 
to the maximum K observed in fractured plates without branches. The 
results indicated that the dynamic stress intensity factor was a neces-
sary but not sufficient condition for branching. The combination of 
excessively large strain energy release rate, shown by the large static 
stress intensity factor, available at the time when the running crack 
tip is subjected to a maximum dynamic stress intensity factor, could 
be a plausible cause for the crack to branch. 
Dally et al [2] obtained crack branching at branching stress in-
tensity factor, Kib ranging from 3.3 to 3.8 times Klm' the arrest 
toughness when the crack moved at terminal velocity in Homalite 100. 
Research by Dally, Kobayashi and others pointed to the fact that Kib 
is not a material property, contrary to results obtained by Congleton, 
Anthony [20,21] and Doll (22]. Kirchner [23] found that Klb and 
Young's Modulus had a strong correlation and developed a strain inten-
sity criterion for crack branching in ceramics. Ramulu et al [15] 
have developed a branching criterion which contends that a necessary 
and sufficient condition for branching is a crack branching stress 
intensity factor, Klb' accompanied by a minimum characteristic distance 
7 
H.P. Rossmanith and G.R. Irwin [3] suggested that non- singular 
ro ; rc. . 
stress field coefficients may influence a-K behavior in the terminal 
velocity region. Till now, no research has been conducted on high 
velocity crack propagation and branching by systematically varying the 
non-singular coefficients. This is the objective of this project. 
3. THE MULTIPLE SPARK CAMERA AND ITS APPLICATION 
TO DYNAMIC PHOTOELASTICITY 
Crack propagation studies need a high speed recording system to 
take pictures of the transient crack tip stress patterns in dynamic 
photoelastic stress analysis. One of the most frequently used recording 
systems is the Multiple Spark Camera, originally designed by Cranz and 
Schardin [25]. A camera similar to this was designed and built at URI 
and is housed in the Photomechanics Laboratory. This chapter will 
briefly discuss the method of photoelasticity and the components of 
the Spark gap Camera. 
Many transparent noncrystalline materials that are optically 
isotropic when free of stress become optically anisotropic and display 
characteristics similar to crystals when they are stressed. These 
characteristics persist while loads on the material are maintained but 
disappear when the loads are removed. This behavior is called temporary 
double refraction and the method of photoelasticity is based on this 
physical behavior of transparent noncrystall i ne materials [26]. 
For experimentation, the model is fabricated from a polymeric, 
transparent, birefringent material. When circularly polarized light 
passes through the stressed model and then through another circular 
polarizer, an optical interference occurs due to stress-induced bire-
fringence in the model. This optical interference produces a series 
of light and dark bands which are termed isochromatic fringe patterns. 
The stress optic law, which relates the stress state of the model to 
8 
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the order of the associated interference pattern is given by 
2T = 01 a - NfO/h' 
m 
- 2 -
where 01 and o2 are the in-plane principal stresses, T the maximum m 
in-plane shear stress, N the fringe order, f 0 the material fringe value 
and h the thickness of the model. In dynamic photoelasticity, the 
fringes move at high velocities and so a high speed recording system 
like the Multiple Spark Camera is used for purposes of stress analysis. 
3.1 Description of the Camera 
The camera consists of three main subdivisions, viz., the spark 
gap circuit, the optical arrangement and the control circuit. 
3.1.l The Spark Circuit - The Multiple Mach spark circuit is shown 
in Fig. 2. In the camera that was used in this project, there are 
twenty spark gaps (SG), each of them connected to L-C circuits in series. 
TSG is the trigger spark gap. In operation the condensers are charged 
to about 15 KV and the circuit L1c1 closed by applying a trigger pulse 
to the spark gap TSG. The firing sequence is initiated at a pre-
determined time after the crack initiation· by applying a 30 KV pulse 
to the trigger gap. When the trigger gap is fired, the capacitor cl 
discharges to below the ground potential. When the voltage on c1 be-
comes sufficiently negative, a spark occurs at gap SG1 and capacitor 
* 
cl discharges, producing a short, intense flash of light. 
The tim~ng between the first and second sparks depends on the in-
* ductance L2 in the c1 L2c2 loop. When the gap SGl fires, the voltage 
on C2 decays with time and the gap SG2 fires when the voltage on c 2 
is suffici ently negative. Likewise, a ll the twenty gaps fi re . The 
light from the spark gaps is led out of the camera by fibre optics. 
10 
2 Optical Arrangement - The optical setup is shown in Fig. 3. 3.1. -
Two 
circular polarizers are kept on each side of the specimen. As an example, 
light from the spark SGl passes through a field lens, the first polarizer, 
the specimen, the second polarizer and the second field lens onto the 
camera lens L1. In a similar manner, light from spark Gaps SG2, SG3, 
SG4 etc. is focused on the corresponding camera lenses L2, L3, L4 etc. 
The spark gaps, the field lenses and the camera lenses are so placed 
that the light from one particular spark falls on one particular camera 
lens so that the image from one camera lens is due to one spark only. 
So twenty pictures of the propagating crack are obtained at twenty 
different spots on the same film. Kodak Wratten No. 8 filters and 
Kodak Grauvre Positive 4135 film are used, the combination of film and 
. 
filter yielding blue light of wavelength of 4920A. 
3.1.3 Control Circuit - The control circuit is used to initiate the 
firing sequence at a required delay after the dynamic event is started. 
A schematic ofthe circuit is shown in Fig. 4 [27]. When the conductive 
paint on the specimen is broken by the moving crack, a 20V pulse is 
emitted which initiates a Digital Delay Generator (Model 103CR of 
California Avionics Labs Inc.) and a Nicolet Oscilloscope (Model 206). 
The light from the sparks is picked up by a high frequency response 
photocell and its output is recorded on the oscilloscope as an Intensity 
Time trace. The timings of the peaks on this trace represent the time 
at which the picture of the crack was taken. The delay generator holds 
~ the pulse from the broken conductive paint line for a predetermined 
interval of time. Once the pulse is passed to the Trigger Spark Gap 
after the required delay, the voltage at the trigger gap is stepped 
11 
up to about 30 KV, after which the firing occurs in the sequence as 
described before. 
4. CRACK TIP STRESS FIELD ANALYSIS 
1 Derivation of the Dynamic Equations 4. 
The analysis shall make use of Irwin's crack tip stress function 
[28] and shall assume plane strain (sz = 0). The leading edge of the 
crack will be taken as the positive x-axis and the crack tip as ~he 
origin of the coordinate systel]l, as shown in Fig. 5. 
For crack propagation in the x-direction and assuming that the 
stress field does not change with time with respect to the moving co-
ordinate system, the following equations apply: 
a2u 2 a2u 
at2 
= c 
-2 
ax 
( 4 .1) 
a2v 2 a2v 
at 2 
= c 
-2 
ax 
( 4. 2) 
where u and v are the displacements in the x and y directions and c 
the crack velocity. 
Equilibrium conditions· in the x and y directions lead to the fol-
lowing results: 
acr aT 
a2u 2 a2u x +~ ax = p --. - = pc -2 ay 
at 2 ax 
( 4. 3) 
aT acr 
a2v 2 a2v ~ + -1. 
ax Cly = p- = pc -2 
at 2 dX 
(4 .4) 
where a , a and T are the stress components and p the density of the 
x y xy 
body. 
12 
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Using Hooke's law in the foI111 
a = >._!::,. + 2GE (4. 5) 
x x 
a = /.../::,.+ 2Gs ( 4. 6) y y 
a = Gyxy (4.7) xy 
where G is the shear modulus and A. the modulus associated with dilata-
tion. 
We can rewrite the equations(4.~ and(4.4) in teI111s of dilatation!::,. 
and rotation w, where 
and 
av au 
w = - - -ax ay 
Equations (4. 3) and (4. 4) then take the following fol11l, 
p,+ZG) a6 _ G aw 
. ax ay 
G aw + a6 2 a2v 
ax (A+2G) ay - pc ~ 
Noting that 
a 
2 2 
a26 Ca u) a (~) 
ax +- = dXZ ax2 ay ax2 
a 2 2 a2w (~) a ca u) 
ax 
ax2 - ay ax2 = ax2 
we can derive the equations 
(A+2G)V72 (6) 2 a26 = pc 
ax2 
( 4. 8) 
(4. 9) 
( 4 .10) 
(4.11) 
( 4 .12) 
(4.13) 
( 4. 14) 
14 
( 4 .15) 
Equations(4.14)and(4.1S)can be simplified in appearance in the 
following ways. In equation (4.14), we substitute y1 = Aly where 
In equat i on (4.15), 
(~)2 A 2 = 1 -2 C2 
2 pc 
= 1 - A+2G 
we substitute 
2 
= 1 -
pc 
G 
Y2 = 
The resulting pair of equations is 
(4.16) 
A2Y, where 
( 4 .17) 
(4.18) 
(4.19) 
Clearly 6 is a harmonic function of x and Aly while w is a ·harmonic 
function of x and A2y. 
It can be shown there is no loss of generality for the proposed 
problem [13] if we assume 
(4.20) 
w (4.21) 
where z1 = f'(z 1), z2 = f'(z 2), z1 = x+iy1 and z2 = x+iy2 . 
In addition it is helpful to recognize that the displacements can 
be divided into non rotational (u1, v1) and nondilatational (u2, v2) 
components. Thus v = v1+v2 where 
aul avl 2 
6 = -'"'- + A. - = (1-Al )A Re z1 ax 1 Clyl (4.22) 
15 
( 4. 23) 
Also 
( 4. 24) 
( 4. 25) 
comparing equations 4.22 and 4.23, we get 
} ( 4 .• 26) 
Similarly from equations 4.24 and 4.25, 
} ( 4. 27) 
Since the shear stress on the crack faces is zero, L = 0 on y = 0 
xy 
for x < 0. Along this line f' (z 1) = f' (z 2) ·= f' (x). One finds that on 
y = 0 
(4.28) 
Since Irn[f'(x)] on y = 0 is not zero along the entire x axis, we 
must assume 
. 2Al 
B=--·A 
1 A. 2 + 2 
( 4. 29) 
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In order to detennine A, consider next that 
f'(z) = E 
n=O 
A z 
n 
n-! ( 4. 30) 
. au d av 
Since ax an ay are proportional to Re[f'(x)] along y = 0, 
equation (4.30) ensures crx and cry = 0 when x is negative. When x is 
positive,cry is not zero. 
'A' can be detennined from the defining equation for the Stress 
Intensity Factor, K. That is, for x very small and positive and y = 0 
K 
a = --
Y l21TX 
= M + 2G av 
ay 
From previous expressions 
(4.31) 
When the above relations are inserted into equation 4.30, it is con-
venient to replace A using the equation 
(A+2G) = (4.32) 
It is also convenient to assume K = A 121T. This can be done be-
o 
cause all of the constant coefficients in equation (4.30) must be ad-
justed to fit the boundary conditions. 
Thus ( 4. 33) 
17 
expressions for ax, ay and Txy are derived as follows: 
we know from eqn. (4.29) that 
and from eqn. (4.32) that 
1-A. 2 
A. = G [ 2 - 2] 
1-A. 2 1 
Substituting these in eqn. (4.34) 
4;\l 
+ 2G[A Re z1 - A. 2 2 A Re z2] 
l+A.2 
= AG[(l+2A.12 A. 22)Re 
4A.1A. 2 
Z - Re Z ] 1 2 2 l+A.2 
Similarly we can obta in 
and T = AG·2A. [Im z2 - Im Zl] xy 1 
where AG = 1 
4A1A2 2 
[l A. 2 - (l+A.2 )] 
+ 2 
from eqn. (4.33) 
( 4. 34) 
( 4. 35) 
(4.36) 
( 4. 37) 
18 
A second choice for the function Z can be made in the form 
'{ = ( 4. 38) 
One can observe that on y = 0 and for any value of x, Y1 and Y2 have 
zero imaginary parts. Thus T = 0 on y = 0. xy In order to have 0 = 0 y 
on the line segment occupied by the crack, it is necessary to require 
2 
l+A.2 
B = . A 
2A.2 
The resulting stress equations are 
2 
cry= AG(l+A.2 )(ReY2-ReY1) 
T 
xy 
2 2 ImY2 
= AG[(l+A.2 ) zx:-- - 2A. 1 ImY1] 
2 
( 4. 39) 
( 4. 40) 
(4.41) 
(4.42) 
AG in equations (4.40)-(4.42) can be obtained by using the boundary 
condition 0 = 0 = 2B as x-+O on the positive x-axis. So from equa-
x ox 0 . 
2 2 2 tion (4.40), we get 0x as x-+O = AG[(l+2A.1 -A.2 )ReY1-(l+A.2 )ReY2] 
2 2 
where ReY1 = ReY2 = B0 from equation (4;38) i.e. 00 x = 2AG[t..1 -A.2 ]B0 . 
Assl.Ulling that 0 as r and e -r O is a constant value of 0 = 2B 
x ox o' 
we get 
Since the above two series functions satisfy the boundary conditions 
of the problem, the Slllll of the two should also satisfy the boundary 
conditions. 
19 
1 
· 2t..1 (ImZ 2-ImZ1) T = 2 xy [Q- (l+/..2 ) ] 
1 (l+/..22)2 ImY 2 - 2/..1 ImY l] + (A 2_\ 2) [ 2/.. 2 1 2 
2 
where Q = 4t..1t.. 2/(l+t..2 ) 
From equations (4.43) and (4.44), we obtain 
+ 
1 2 2 
2 2 [(l+t..2 )ReY2-(l+t..·1 )ReY1] 
(/.. -/.. ) 1 2 
(4.43) 
( 4. 44) 
(4.45) 
(4.46) 
The first three terms in each of the series Z and Y shall be in-
eluded in the analysis. So z1 and z2 can be expressed as follows: 
1 1 3 
z1 = A z -2 + Alzl 2 + A2zl 2 and ( 4. 4 7) 0 1 
1 1 3 
z2 = A z - 2 + Alz2 2 + A2z2 2 (4.48) 0 2 
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yl and Y2 
can be expressed as 
yl = B 0 + Blzl + B2zl 
2 (4.49) 
B2z2 
2 ( 4. 50) y2 = B + Blz2 + 0 
Where A /2Tf = K, the stress intensity factor and remote stress cr = 2B . 0 ox 0 
and (4.51) 
where p1, p2, ¢1 and ¢2 are shown in Fig. (6). Substituting for z1 and 
22 in equations (4.47) to (4.50) and separating the real and imaginary 
parts, we get 
( 4. 52) 
( 4. 53) 
Replacing zl by z2 in equations ( 4. 52) and (4.53) 
1 ¢2 ¢2 3 3¢2 
Rez 2 = Aop2 2 cos(--y) + A1 IP;" cos 2 + A2p/ cos (-2-) (4.54) 
and 
ImZ = -! . ¢2 ¢2 2 3¢2 
-A0 p2 sin T + A1vP;" sin - + A p 2 sin(-2-) 2 2 2 2 ( 4. 55) 
Similarly, 
ReY l B + B1p1cos ¢ 1 
2 
= + B2p1 cos2¢ 1 0 ( 4. 56) 
lmY1 = B1p1sin¢1 + B2p12sin2¢1 ( 4. 5 7) 
ReY 2 B 2 = 0 + B1p2cos¢ 2 + B2p2 cos2¢ 2 (4.58) 
lmY 2 = B1p2sin¢2 + B2p22sin2¢ 2 ( 4. 59) 
and 
where 
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From Fig. 6, it is evident that 
-1 ] 
,i, = Tan p,2tane 
'+'2 · 
[ ( 12 . 28]~ p2 = r 1- 1-/\2 )sin 
and 
( 4. 60) 
(4.61) 
(4.62) 
(4.63) 
Substituting the expressions (4.52) to (4.59) in equations (4.45) 
and (4.46) and making 
CJ -CJ 
use of eqns. (4.60) to (4.63) , we can obtain ex-
y x 
2 pressions for and T in terms of the series constants and the xy 
polar coordinates rand e. 
4.2 Application of Photoelasticity to the Dynamic Equations: 
The stress optic law, which relates the optical properties of the 
material to its stress state, is given by 
2T = Nf /h 
m CJ 
(4. 64) 
where Tm is the maximum in plane shear stress, fCJ the material fringe 
value, h the thickness of the model and N the order of the fringe in 
consideration. 
It is known that 
2 2 (CJ -CJ ) + 4T y x xy 
Le. '[ 2 m 
a -a 
= ( y 2 x)2 + '[ xy 
2 
22 
combining eqns. (4.64) and (4.65), we get 
2 (Nf/2h) 
(J -(J 
= ( y x)2 
2 
+ '[ 
xy 
2 
(4.65) 
( 4. 66) 
The expressions for 
(J -(J 
y x 
2 and T (4.46) and (4.45) can be substituted xy 
into eqn. (4.66) to obtain an equation connecting the series constants, 
the fringe order, the material fringe value and the polar coordinates 
Nfa 2 ay-ax 2 2 
rand 8. The function ( 2h) - ( 2 ) - Txy is denoted by GK and 
ay-ax and T are denoted by D and T respectively. 
-Z- xy 
i.e. at the Kth data point. (4.67) 
A combination of least squares and Newton-Raphson techniques is applied 
to this function as follows. 
4.3 The Overdetermin is ti c Method: 
The approach used is that suggested by Sanford and Dally [14]. 
The series constants have to be determined. to make GK = O. Though 
equation (4.67) can be solv·ed in closed form, the algebra becomes quite 
involved and a simpler numerical method based on the Newton-Raphson 
technique is employed. 
In the overdeterministic method, the function GK is evaluated at 
a large number of data points in the stress field. If initial esti-
mates are given for the series constants in eqn. ( 4. 67), GK f 0, since 
the initial estimates will usually be in error. To correct the esti-
mates, a series of iterative equations based on a Taylor series ex-
pansion of G are written as K 
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()GK ()GK 
(GK)i+l = (GK)i + [()A ]6Ao + [()A ] 6A1 
0 1 
+ •••• (4.68) 
where the subscript i refers to the ith iteration step and 6A0 , 6A1, 
etc. are corrections for the previous estimates of A0 , A1 etc. 
The corrections are determined so that (GK)i+l = 0 and thus eqn. 
(4.68) gives 
()G ()GK 
[__!.]6A + [()A ]6A1 + .... = - (GK)i ClA o l 
0 . 
(4.69) 
The method of least squares involves the determination of the 
series coefficients so that eqn. (4.67) is fitted to a large number of 
data points in the isochromatic field. 
Eqn. (4.69) in the matrix form gives 
6A 
0 
6A1 
6A2 
= x 
68 
0 
68.l 
682 
()Gl 
aA 
0 
()G2 
()A 
0 
()Gl 
()Al 
()G2 
()Al 
()Gl 
382 
3G2 
382 
()G 
n 
382 
where N is the total number of data points considered. The above equa-
tion can be put in the form 
G = [a][6A] (4.70) 
where G = 
GN 
3G1 3G1 
[a] 3A 3A1 and 0 
3G2 3G 2 
3A 3A1 0 
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. . 
. . . 
. 
. 
liA 
0 
tiB2 
3G1 
3B2 
3G 2 
3B2 
T Premultiplying by a (Transpose of a), 
T T [a] G = [a] [a] [liA] or 
[d] = (c] [tiA] where [d] 
and [c] T = [a] [a] 
The correction factors are given by 
( 4. 71) 
The iterative procedure is employed till the series constants are 
determined to obtain a close fit of the function G to the N data points. 
The differentials of G with respect to the series coefficients are 
obtained as follows: 
Differentiating eqn. (4.67) with respect to A gives 
0 
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20 ~ + 2T ~ 
'dA 'dA 
0 0 
(4.72) 
(4. 73) 
(4.74) 
Substituting (4.73) and (4.74) into (4.72), we can get the expression 
for 'dGK/'dA0 . Likewise, the partial differentials of G with respect to 
the other coefficientscan be obtained and substituted in eqn. (4.71) to 
obtain the correction factors for the series constants. 
The whole iterative process has been set up in a computer program, 
written in BASIC. A sizeable number of data points are taken in the 
isochromatic field and their polar coordinates are fed into the computer 
with the help of a Calcomp 9000 digitizer. The HP9845A microprocessor 
is used for computing the series constants iteration after iteration. 
A listing of the program has · been attached in the appendix. 
4.4 Error Analysis: 
The number of coefficients necessary for an adequate representation 
of the stress field over the data acquisition region can be estimated 
by examining, as a function of the number of coefficients , the value of 
the average fringe order error, l6nl, which is defined in this study as 
K=N* 
I 6n I = ~* 2:: In. -n I K 
K=l 1 c 
(4.75) 
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is the specified (input) fringe order for a data point, n the 
where ni c 
fringe order calculated from the computed set of coefficients and N* 
the total number of data points used [12]. Typically, errors of one 
tenth of a fringe order or less should indicate that the constants are 
accurate [12]. 
The error analysis has also been included in the computer program 
in the appendix. 
S. EXPERIMENTAL PROCEDURE AND RESULTS 
Cross type models were used in this study. The geometry of the 
specimen is shown in Fig. 7. The specimen length and width were made 
fairly large to insure that the boundaries were far away from the crack 
tip as the crack propagated. The starter crack is made with a band saw 
and the crack tip blunted with a fine file. The model is mounted on the 
loading frame, shown in Fig. 8, which was so designed that it could be 
used for both uniaxial and biaxial loading. Loading was applied using 
ENERPAC hydraulic cylinders and the loads recorded by in-line PCB Model 
200A quartz transducers (of Piezotronics, Inc.), used in conjunction 
with a 484B line power unit. The transducers had built-in ICP (Inte-
grated Circuit Piezoelectric) amplifiers. The crackswere initiated at 
fairly high loads by means of a solenoid actuated cutting tool so that 
the KQ value (stress intensity factor associated with load level Q) lies 
in the plateau region of the a-K curve and the crack velocity was close 
to terminal velocity. Pictures of the propagati ng crack were taken by 
the High Speed Recording System and magnified prints were made out of 
the negatives for analysis. A fairly large number of data points, say 
60, were taken on each picture and their locations with respect to the 
crack tip and crack line were fed into the main analysis program through 
a Calcomp 9000 digitizer and the series constants obtained. 
In Experiment 1, a uniaxial normal stress of 233 psi (1.61 MPa) 
was applied. The variation of crack tip position with respect to time 
is shown in Fig. 9. A constant crack velocity of 383 m/s was obtained. 
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The stress intensity factor, as shown in Fig. 10 and Table 1, showed 
· g trend, values ranging from 1 MPalill to 1.55 MPalill. The an increasin 
t ess a varied as in Fig. 11 and Table 1, with values os-remote s r ox 
cillating about a mean of -2 MPa. 
In Experiment 2, a higher uniaxial normal stress of 558 psi (3.85 
MPa] was applied. A crack velocity of 400 m/s was obtained, as shown 
in Fig. 12. The stress intensity factor showed a sharply increasing 
trend, as in Fig. 13 and Table 2, with values ranging from 1.1 MPa/ill 
to 1.84 MPa/ril. The crack started the first of a series of multiple 
attempts to branch when K was 1.84 MPalill. Thenceforth, the fracture 
surface was extremely rough with tiny incomplete branches coming out of 
the crack and the crack finally branched close to the boundary. Be-
cause of the belated branching, pictures of actual branching were not 
recorded. The branching angle was slightly different on the two surfaces, 
being 24° on one side and 22° on the other. a was fairly negative 
ox 
through most of the time because of the forward bend of the loops and 
it reached up to a maximum of -3.3 MPa, as shown in Fig. 14 and Table 2. 
To study the influence of far-field stresses parallel to the crack, 
a series of biaxial tension-compression and tension-tension experiments 
were conducted. 
Typical isochromatics for tension-compression loading are shown 
in Fig. 15. It is seen that the fringe loops exhibit a strong forward 
tilt for this kind of loading, which indicates the nature of the remote 
parallel stress. 
In Experiment 3, a tensile normal stress of 443 psi [3.05 MPa] and 
a compressive parallel remote stress of 197 psi [1.36 MPa] were applied. 
The dynamic K was not enough at any stage to produce branching. A con-
29 
t crack velocity of 368 m/s was obtained, as shown in Fig. 16. stan 
Again, K showed an increasing trend as in Fig. 17 and Table 3, with 
values going up to 1.81 MPav'ill and a was oscillating about a mild ox 
negative mean of -2.l MPa, as in Fig. 18 and Table 3, with values 
ranging from -3.4 MPa to 0.4 MPa. The compressive parallel stress was 
not high enough to produce a sizeable increase in o0 x However, the 
isochromatic fringe loops showed a forward tilt, indicating the nature 
of the remote parallel stress. 
In Experiment 4, a tensile normal stress of 500 psi [3.45 MPa] and 
a compressive parallel remote stress of 180 psi [1.24 MPa] were applied. 
Because of the higher normal stress, the crack was initiated at a higher 
KQ than Experiment 3. Unfortunately the crack did not branch but there 
was a conspicuous roughness of the fracture surface in the final stages 
of crack propagation, showing that the crack would have branched at a 
slightly higher initial KQ. The K value associated with the roughness 
of fracture surface was fairly high (1.77 MPav'ill) as was observed by 
researchers at the University of Maryland [3] and the University of 
Washington [15]. Again, K showed a sharply increasing trend with values 
ranging from 0.98 MPav'ill to 1.77 MPav'ill, as in Fig. 20 and Table 4 and 
crox oscillated about a mild negative mean _ of about -1.3 MPa, as in Fig. 
21 and Table 4. The crack velocity was 400 m/s in this experiment and 
the velocity plot is shown in Fig. 19. 
In Experiment 5, the tensile normal stress was increased to 667 psi 
[4.6 MPa] and the compressive remote parallel stress was 174 psi [1.2 
MPa]. The crack branched at a Kbr of 2.01 MPavrn and K showed an in-
creasing trend as the crack moved across the model, as in Fig. 23 and 
Table s. Because of a higher initial KQ, the K values encountered in 
30 
t St Were fairly high, ranging from 1.7 to 2.01 MPalril. The crack thiS e . 
velocity was a constant 385 m/s, as in Fig. 22. a values were os-ox 
cillating about a negative mean of -3.7 MPa as in Fig. 24 and Table 5. 
1 29 0. The branching ang e was 
In Experiment 6, a tensile normal stress of 667 psi [4.6 MPa] and 
a much higher compressive remote parallel stress of 340 psi [2.34 MPa] 
were resorted to. For comparison purposes, the tensile normal stress 
was kept the same as in Experiment 5. It was observed that the K values 
for the same crack tip positions were lower in this experiment than 
Experiment 5 . a reached high negative values up to -9.8 MPa because ox 
of a much higher compressive parallel stress, applied in this experiment. 
The crack velocity plot and the variation of K and a with crack tip 
ox 
position are shown in Figures 25, 26 and 27 respectively. K and a 
ox 
values are also listed in Table 6. Crack branching occurred at a Kbr 
of 1. 91 MPaliil. 
It seems that remote compressive stress parallel to the crack tends 
to lower the stress intensity factor and hence suppresses branching. 
In Experiment 5, the crack made an attempt to branch - in fact, it almost 
branched at a crack jump distance of 7.2 cm, though actual branching 
occurred at a crack jump distance of 11.8 cm. In Experiment 6, the 
crack travelled 9.8 cm before it branched. This evidence adds to the 
fact that compressive remote parallel stress suppresses branching. This 
was also suggested by Dally et al [2] and Ravichandar [29]. It was also 
observed in experiments 5 and 6 that the fracture surface roughness was 
very high either when an attempt was made to branch or when actual 
branching occurred. Again, the branching angle in Experiment 6 was 24.5° 
as compared to 29° obtained in Experiment 5 , indicating that compressive 
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parallel remote stress affects the branching angle, though not con-
siderably. The case of compressive a0 x has to be studied more by going 
in for very high compressive parallel loads. 
Next, a series of biaxial tension-tension experiments were carried 
out. Typical isochromatics for this case are shown in Fig. 28. The 
fringes show a strong backward tilt and exhibit a behavior typical.of a 
DCB specimen. The lean of the fringe patterns again signifies the 
nature of the remote parallel stress applied. 
In Experiment 7, a tensile normal stress of 689 psi [4.75 MPa] and 
a tensile parallel stress of 240 psi [1.65 MPa] were applied. Even 
though the normal stress in this experiment was only slightly higher 
than that in Experiment 6, the K values in this experiment were much 
higher than the previous experiment for the same crack tip positions. 
For example at a*/w = .38, K was 1.18 MPaliil in Experiment 6 compared to 
1.82 MPalffi in Experiment 7. In fact, the stress intensity factor was 
so high that the crack branched very early. K varied with crack tip 
position as in Fig. 30 and Table 7, values starting from 1.81 MPalffi. 
~r was close to 2 MPalffi. A crack velocity of 375 m/s was obtained 
as in Fig. 29. 2 The fracture area before branching was 4.8 cm and the 
branching angle was 30°. These observations point to the fact that 
tensile remote parallel stress enhances branching, which is in accordance 
with observations made in explosive testing by Dally et al [2] and 
Rossmanith and Shukla [30]. a values were negative, because the 
ox 
tensile parallel stress was not enough to bend the isochromatic fringes 
backward. a variation is shown in Fig. 31 and Table 7. 
ox 
. 
In Experiment 8, a tensile normal stress of 422 psi [2.91 MPa] and 
a tensile parallel stress of 400 psi [2.76 MPa] were applied. Though 
32 
the normal stress applied in this test was considerably lower than 
Experiment 6, the K values for the same crack tip positions in this 
experiment were higher than Experiment 6, again showing that tensile 
remote parallel stress enhances the K value, which in turn, enhances 
branching. In this experiment, branching was not obtained because of 
an inadequate KQ at initiation. A constant crack velocity of 377 m/s 
was obtained as in Fig. 32. K and a values varied as in Table 8 and ox 
Figures 33 and 34, with K ranging from 1.27 to 1.68 MPaliil and o0 x 
ranging from -2 to 2 MPA with a mean of -.1 MPa. a values were less 
ox 
negative than the uniaxial case because of the applied parallel tensile 
stress but again, the parallel stress was not enough to bend the fringe 
loops backward sufficiently · and hence high positive values were not 
obtained. 
In Experiment 9, a tensile normal stress of 538 psi [3.71 MPa] and 
a very high tensile parallel stress of 924 psi [6.4 MPa] were applied. 
A crack velocity of 400 m/s was obtained from Fig. 35. K values were 
fairly high compared to experiments with compressive a and the uni-
ox 
axial case for the same crack tip locations · and comparable initial KQ's 
and showed an increasing trend as shown in Table 9 and Fig. 36. The 
crack branched at a K value of 1.91 MPa!ID and a was hovering br ox 
around high positive values (2.8 to 6 MPa) as in Fig. 37 and Table 9, 
because of the considerable backward tilt of the fringe loops due to 
the high parallel stress applied. The branching angle was 73°, which 
was much higher than the compressive a tests. One more interesting 
ox 
comparison can be made between Experiment 9 (normal stress 538 psi and 
parallel tensile stress 924 psi) and Experiment 2 (uniaxial normal 
stress 553 psi). In spite of the fact that the applied normal stress 
33 
was less in Experiment 9, the K values for the same crack tip locations 
were much higher in that experiment than . Experiment 2, as shown in 
Tables 2 and 9. As an example, for a*/w = .39 , K was 1.56 MPaliil in 
Experiment 9, compared to 1.28 MPa/iii in Experiment 2. The crack jump 
distance prior to branching 16.2 (fracture area 17.82 2 was cm was cm ) 
2 compared to 10.7 cm (fracture 10.7 2 in in Experiment area was cm ) 
Experiment 9. The branching angle was 23° in Experiment 2, compared 
to 73° in Experiment 9. All these observations point to the fact that 
tensile parallel remote stress enhances K and hence branching. It also 
increases the branching angle considerably. 
In Experiment 10, a tensile normal stress of 594 psi (4.10 MPa) 
and a tensile parallel stress of 614 psi (4.23 MPa) were applied. A 
crack velocity of 380m/s was obtained and the stress intensity factor 
at branching was 2 MPa/iii. The branching angle was 45°. From this 
experiment, one can conclude that the ratio of theapplied normal stress 
to the applied parallel tensile stress has a marked influence on the 
branching angle. For the same normal stress, the branching angle in-
creases with the tensile parallel stress. Since branching occurred 
very early in this experiment, only a few pre-branching pictures were 
recorded and hence K and a variation prior to branching was not 
ox 
plotted. 
Stress Intensity Factors at branching, Kbr' branching angles and 
pre-branching fracture areas for the various experiments are listed 
in Table 10. Kbr seems to vary very slightly with different magnitudes 
of applied stresses and probably depends on initial KQ. More experi-
mentation has to be performed to confirm this. The variation of 
branching angle and the pre-branching fracture area with respect to 
34 
the ratio of the applied normal stress to the applied parallel stress 
(a /a ) is shown in Figures 38 and 39 respectively, just to highlight 
y x 
the facts that branching occurs earlier in the case of positive oox' 
even with lower normal stresses, compared to the uniaxial and the ten-
sile-compressive cases and that branching angles are much higher in the 
tensile-tensile case. 
The isochromatics for uniaxial, tensile-compressive and tensile-
tensile cases are compared in Fig. 40 to explicitly show the slight 
forward tilt of the loops in the uniaxial case and the considerable 
backward and forward tile in the tensile-tensile and tensile-compressive 
cases respectively. 
The crack velocities and K-values, encountered in various experi-
ments are plotted in Fig. 41. The points form a fairly narrow band in 
the high velocity region, with velocities ranging from 370 m/s to 400 
m/s. The remote parallel stress does not seem to have any major or 
well-defined influence on the crack velocity. 
Photographs of the tested specimens for the experiment 2 (uniaxial 
nonnal stress of 558 psi), experiment 5 (normal tensile stress of 667 
psi and parallel compressive stress of 174 psi) , experiment 9 (normal 
tensile stress of 538 psi and parallel tensile stress of 924 psi) and 
experiment 10 (normal tensile stress of 594 psi and parallel tensile 
stress of 614 psi) are given in Figures 42 , 43, 44 and 45 respectively 
to show the branching angles obtained. 
6. CONCLUSION 
A photoelastic investigation of high speed crack propagation and 
branching was performed for cross-type specimens fabricated from Homali te 
lOO under uniaxial and biaxial loading conditions. Special considera-
tion was given to the variation of the singular and non singular stress 
field coefficients as the crack propagated through the model. The ef-
feet of remote parallel stress a on crack propagation and branching 
ox 
was studied by applying very high tensile and compressive stresses 
parallel to the crack. The stress intensity factor showed an increasing 
trend as the crack propagated in the models. The value of K increased 
till crack branching was achieved. The branching stress intensity 
factor Kbr was found to vary slightly with KQ at initiation and the 
nature of the remote parallel stress. Branching angles in tensile a OX 
experiments were as high as 73°, compared to values between 22° and 29° 
encountered in compressive a and uniaxial cases, which point to the 
ox 
fact that tensile remote parallel stress increases the branching angle 
considerably. It was also observed that higher compressive a lowers 
. ox 
the branching angle, though not sizably, for the same normal stress 
applied. This was evident from the branching angle of 24.5° obtained 
in Expt. 6 (normal stress 667 psi and parallel stress 340 psi) as com-
pared to 29° obtained in Expt. 5 (normal stress 667 psi and parallel 
stress 174 psi). More experimentation has to be done to confirm the 
effect of compressive a . 
ox 
Again, the pre-branching fracture area was higher in the compressive 
35 
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cases than that in all the tensile-tensile experiments, signifying 
0ox 
h t t ensile 0 tends to enhance branching and compressive 0 tends t a ox ox 
to suppress it. Also, tensile 0 gives rise to higher stress intensity OX 
factors in comparison to the compressive case for the same crack tip 
positions and comparable KQ values, which in turn, favors branching. 
high roughness of fracture surface was associated with branching or 
attempts to branch. 
A 
Ramulu et al [15] have formulated a criterion for crack branching 
which says that a necessary and sufficient condition for branching is 
a crack branching stress intensity factor Kib' accompanied by a minimum 
characteristic distance r = r , which is a material property. They 
0 c 
have also used equations for r and crack curving angle e which are as 
0 c 
follows: 
(6 .1) 
(6. 2) 
In this work, r was calculated for the .various branching situations 
0 
and the values, which ranged from 1.1 to 8 .1 mm, wer e found to differ 
considerably from the r value of 1.3 mm, obtained by Ramulu and co-
c 
workers. The r values are shown in Table 11. Also, the branching 
0 
angle was found to be dependent on the sign of 0 i.e. the nature of 
ox' 
the remote parallel stress, in contradiction to the equation (6.2), used 
by Ramulu et al, which seems to signify that the angle is independent 
of the sign of a 
ox 
This study .concludes that high velocity crack propagation and crack 
branching are considerably influenced by non- singular stress field co-
37 
efficients. More investigation has to be carried out to formulate an 
l·rical branching criterion in terms of K, the crack velocity a and emp 
higher order stress field coefficints. 
In this juncture, it has to be mentioned that the branching angles 
obtained were the macroscopic angles measured just at the crack tip. 
The branches tend to attract or repel each other, as was observed by 
Kalthoff [19], which makes it difficult to measure the exact macroscopic 
branching angle. 
It was also observed that the results obtained by the crack tip 
stress analysis procedure, outlined in Chapter 4, are sensitive to all 
the input parameters including the radius, theta and the fringe order 
of the data points. For some unknown reason, there was a convergence 
problem in the six parameter model when the remote parallel stress was 
compressive. This was not the case when it was tensile or when uniaxial 
normal loads were applied. 
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FRAME NO. TIME a*/w 
(µs) 
1 13.0 0.44 
3 30.0 0.46 
4 39.S 0.47 
5 49.0 0.48 
6 57.5 0.49 
7 67.5 O.Sl 
8 77 .5 0.52 
9 86.5 O.S3 
10 9S.O O.S4 
11 139.S 0.60 
12 151.S .0.62 
14 171.5 0.64 
lS 181. 0 0.66 
16 190.S 0.67 
17 203.S 0.68 
TABLE 1 
OUTPUT VALUES FOR EXPT. NO. 1 
(i = 383 I:l/S) 
K Al A2 
MPa rm MPa//iil MPa/ml. 5 
1. 06 -2.8 -71. 9 
1.47 -37 .6 43.6 
I. IS 0.9 109.6 
I. 09 -29.5 -6S3.0 
1.24 8.2 339.S 
I. 00 -28.7 -977. 0 
1.28 -34.6 -518.0 
1.29 -14.4 -S2.2 
1.11 -18.2 -541.7 
1. 40 -51.5 -996.0 
1.30 -0.84 29.l 
I.OS - 21.9 -878.0 
·1. SS -59.4 -963.0 
1.11 -21.1 -11S6.0 
.99 -22.9 -1469.0 
(J B1 B2 ox MPa/m 2 MP a MPa/m 
-2.3 4.8 7.9 
1.4 20.6 -683.0 
-2.2 -8.8 -477.0 
-1. 8 S8.4 545.0 
-2. I -28.7 -732.0 
-2.6 78.l 1322.0 
-0. 7 S5.4 4S6.0 
-1. 3 9.6 -4.9 
-2.6 39.1 606.0 
-0.5 99.9 11S5. 0 
-2.7 -8.6 -112.0 
-3. 8 61.6 1191. 0 
0.4 104.0 1074.0 
-4.0 82.7 1857.0 
-4.8 97.0 24S9.0 
~ ~~-·~~~~~~~~~~~~ ~~ ~~- -~~~~~ 
B.' = cr oxlW 
o K 
-1.17 
0.52 
-1.03 
-0.89 
-0.92 
-1.41 
-0.30 
-0.55 
-1. 27 
-0.19 
-1.12 
-1.96 
0.14 
-1.95 
-2.62 
(J\ 
(J\ 
FRAME NO. TIME a*/w 
(µs) 
1 15.0 0.33 
2 26.0 0.34 
3 37.S 0.35 
4 44.S 0.37 
s 53.0 0.38 
6 63.S 0.39 
8 83.S 0.42 
9 93.S 0.43 
10 103.0 0.45 
11 139.S 0.50 
12 145.0 0.51 
14 167.S 0.54 
15 174.0 0.55 
16 183.0 0.56 
17 193.S 0.58 
19 223.S 0.62 
TABLE 2 
Ol!fPlIT VALUES FOR EXPT. NO. 2 
(~ = 400 m/s) 
K Al A2 
MPa lffi MPa//iii MPa/m1 •5 
1.12 -17.S -253 
1. 09 -10.7 -430 
1.13 -10.3 -557 
1. 21 18.3 27 
1. 37 -45.0 -930 
1. 28 0.2 -99 
1. 37 6.8 87 
1.65 -39.S -329 
1.63 -42.0 -472 
1. 77 -49.0 -648 
1. 80 - 30.0 -278 
J.89 -38.0 -438 
1.67 -22.0 -706 
1. 73 -10.8 -333 
1.80 -13.4 -365 
1.84 -21. 0 -478 
cr B 
ox MPalm MP a 
-1.6 14.4 
-2.4 18.6 
-2.6 28.S 
-2.6 -19.2 
-0.3 83.4 
-2.4 -3.0 
-2.2 -11.4 
1. 0 so.a 
0.6 59.0 
0.4 78.0 
-0.4 35.0 
-0.1 54.0 
-2.9 53.0 
-2.9 23.0 
-3.0 23.0 
-3.3 41.0 
82 
MPa/m 2 
33 
616 
884 
469 
1194 
172 
-126 
405 
509 
560 
71 
343 
966 
389 
374 
444 
BI:: cr oxrw 
o K 
-0.77 
-1.19 
-1.24 
-1.16 
-0.12 
-1. 01 
-0. 87 
0.33 
0.20 
0.12 
-0.12 
-0.03 
-0.94 
-0. 91 
-0. 90 
-0.97 
Q\ 
'-) 
FRAME NO. TIME a*/w 
(µs) 
1 13.5 0.39 
3 30.5 0.40 
4 40.5 0.42 
6 57.5 0.44 
7 66.5 0.45 
9 85.0 0.48 
12 152.5 0.56 
15 179.0 0.59 
TABLE 3 
OlITPlIT VALUES FOR EXPT. NO. 3 
(~ = 368 m/s) 
K Al A2 
MPa lffi MPa//ID MPa/m1 •5 
0.90 8.6 250 
0.96 -2.7 -285 
1. 00 -21. 2 -400 
0.96 17.7 -507 
1.12 4.6 -331 
1. 05 13. 2 -281 
1.40 -11.6 60 
1. 81 -13.2 460 
CJ B1 ox MPa/m MP a 
-2.6 -27.0 
-2.4 11. 0 
-1.8 31. 0 
-3.4 20.0 
-2.2 11. 0 
-3.2 10.0 
-1.4 -4.0 
0.4 -40.0 
B2 
MPa/m 2 
-74 
577 
377 
1558 
1039 
769 
-176 
-602 
B, .. CJ oxlW 
o K 
-0. 78 
-0.68 
-0.46 
-0.97 
-0.55 
-0.82 
-0. 26 
0.07 I 
°' 00 
TABLE 4 
Olff PlTf VALUES FOR EXPT. NO. 4 
. (a = 400 m/s) 
FRAME NO. TIME a*/w K Ai A2 
(µs) MPa lnl MPa/Trn MPa/ml. 5 
1 31. 0 0.37 0.98 -25 -706 
2 39.0 0.38 1.18 -4 330 
4 57.5 0.41 1.12 -15 -376 
5 66.0 0.42 1.10 -19 -519 
6 75.5 0.43 1. 20 -16 -42 
7 84.0 0.44 1. 06 -20 -599 
9 103.5 0.47 1.34 -11 -206 
10 113.5 0.48 1. 05 -86 -2523 
11 142.5 0.51 1. 03 -27 -2066 
12 153.0 0.53 1.39 -32 -720 
14 171.5 0.55 1.36 -35 -1169 
15 180.5 0.57 1.57 -36 -935 
16 190.5 0.58 2.46 -75 434 
17 201.5 0.60 2.47 -73 -758 
19 226.0 0.63 1. 77 -64 -1229 
cr Bi ' ox MPa7rn MP a 
-2.2 47 
-1.4 0 
-2.0 28 
-2.2 39 
-1.6 9 
-3.0 40 
-1. 8 5 
-2.2 146 
-5.0 94 
-2.4 34 
-2.8 81 
-1. 8 63 
5.2 13 
4.4 92 
-0.4 92 
--· 
82 
MPa/rn 2 
983 
-862 
593 
742 
-77 
786 
649 
2727 
4486 
1057 
1908 
1572 
316 
1941 
1589 
B., ,. a o:xlW 
o K 
-1. 21 
-0.64 
-0.97 
-1.10 
-0. 72 
-1.53 
-0.73 
-1.13 
-2.62 
-0.93 
-1.11 
-0.62 
1.14 
0.96 
-0.12 
Q\ 
(,!) 
FRAME NO. TIME a*/w 
(µs) 
1 33.5 0.44 
2 41.5 0.45 
3 50.0 0.46 
4 60.0 0.48 
5 69.0 0.49 
7 87.5 0.51 
8 98.0 0.53 
TABLE 5 
OtrrPlIT VALUES FOR EXPT. NO. 5 
(; = 385 m/s) 
K Al A2 
MPa lffi MPa//iil MPa/m1 •5 
1. 86 -74.4 -1193 
1. 76 -7.1 443 
1. 71 -18.8 -330 
1. 38 40.5 -2028 
1. 85 -93.4 -2715 
1. 98 -22.2 -240 
2. 01 -100.9 -3696 
a Bf ox MPa/m MP a 
-0.6 117 
-3.8 -38 
-4.2 22 
-8.6 102 
-2.4 173 
-3.4 19 
-2.8 266 
Bz 
MPa/m2 
1155 
-1516 
165 
6617 
3869 
11 
5333 
BI .. a o:xrw 
o K 
-0.17 
-1.17 
-1.33 
-3.37 
-0.70 
-0.93 
-0.75 
'1 
0 
FRAME NO. TIME 
(µs) 
1 34.5 
2 43.0 
3 51. 0 
4 61. 0 
7 88.5 
8 97.5 
9 106.5 
10 116. 0 
11 120.5 
12 131.0 
14 148.0 
15 156.5 
16 166.0 
17 176.0 
18 185.5 
L 19 197.5 
TABLE 6 
OUTPUT VALUES FOR EXPT. NO. 6 
(~ = 372 m/s) 
a*/w K Al 
MPa IID MPa//rii 
0.38 1.18 9.0 
0.39 1. 22 6.7 
0.40 1. 29 8.2 
0.42 1. 36 7.3 
0.45 1. 54 1. 4 
0.46 l.58 2.0 
0.47 1.62 6.0 
0.48 1.58 4.0 
0.49 1.69 1.6 
0.50 1. 72 -1. 6 
0.53 1.66 4.8 
0.54 . 1.65 7.8 
0.55 1. 76 8.9 
0.57 1. 71 6.5 
0.58 1. 91 6.4 
0.59 1. 75 14. 0 
0 B1 ox MPa/m MP a 
-6.8 -17 
-6.6 -20 
-6.5 -16 
-6.3 -15 
-5.4 -18 
-5.5 -17 
-6.4 -25 
-6.2 -15 
-5.4 -22 
-5.4 -15 
-7.4 -20 
-8.4 -15 
-8.4 -26 
-8.4 -23 
-7.4 -30 
-9.8 -23 
8 , = O'ox/W" 
o K 
-3.11 
-2.92 
-2. 72 
-2. 50 
-1. 90 
-1.88 
-2 .14 
-2.12 
-1.73 
-1.70 
-2.41 
-2.75 
-2.58 
-2.66 
-2.09 
-3.03 
-....] 
~ 
FRAME NO. TIME a*/w 
(µs) 
1 32.5 0.37 
2 40.0 0.38 
3 49.S 0.39 
4 60.0 0.41 
TABLE 7 
OlJfPlJf VALUES FOR EXPT. NO. 7 
(~ = 375 m/s) 
K Al A2 
MPa liil MPa//iil MPa/m1 · 5 
1. 81 46 -610 
1.82 -27 -1195 
1.98 48 397 
. 2. 21 27 171 
0 9 1 
ox l 
MP a MPa/m 
' 
-6.0 8 
-4.4 86 
-5.4 -58 
-3.4 -34 
B2 
MPa/m 2 
1568 
960 
-696 
134 
s.I = 0 oxlW 
o K 
-1. 79 
-1. 31 
-1.47 
-0.83 
·-
-.._J 
N 
FRAME NO. TIME a*/w 
(µs) 
1 35.5 0.36 
2 46.0 0.37 
3 52.0 0.38 
4 62.5 0.39 
5 71. 5 0.40 
6 79.5 0.42 
7 89.0 0.43 
8 99.S 0.44 
10 117 .5 0.46 
11 162.0 0.52 
12 173.5 0.54 
13 181.0 0.55 
14 191.5 0.56 
15 199.5 0.57 
17 219.0 0.59 
18 228.5 0.61 
19 241.5 0.62 
TABLE _8 
OlTfPlIT VALUES FOR EXPT. NO. 8 
(~ = 377 m/s) 
K Al A2 
MPa /ID MPa//iil MPa/m1 · 5 
1. 27 50.9 102 
1. 35 45.1 237 
1.46 24.8 926 
1.49 -31. 2 -1346 
1.50 18.7 1146 
1. 35 52.4 943 
1.44 28.7 867 
1.58 -14.0 642 
1.50 23.3 849 
1.60 26.7 359 
1.65 20.7 544 
l .5·o 44.0 219 
1.55 39.1 248 
1.57 36.2 250 
1.65 29.5 594 
1.63 34 .1 437 
1.68 13.1 481 
er B1 OX MPa/rn MPa 
-2.0 -84 
-1. 2 -78 
0 -101 
1. 0 104 
0.6 -87 
-0.8 -108 
0 -81 
2.0 -21 
0.2 -74 
0.6 -46 
1. 0 -51 
-1. 2 -59 
-0.6 -60 
-0.6 -58 
-0.2 -71 
-0.4 -62 
0.3 -34 
Bz 
MPa/rn 
94 
704 
-1933 
2807 
-2277 
· -541 
-1396 
-1663 
-1710 
310 
-483 
142 
262 
147 
-695 
-523 
-1167 
2 B' .. croxlW o K 
-0.85 
-0.48 
0 
0.36 
0.22 
-0.32 
0 
0.68 
0.07 
0.20 
0.33 
-0.43 
-0.21 
-0.21 
-0. 07 
-0.13 
0.08 
'--.I 
(.N 
FRAME NO. TIME a*/w 
(µs) 
1 31. 0 0.35 
3 50.0 0.38 
4 58.0 0.39 
5 67.0 0.40 
6 76.0 0.41 
7 85. 0 0.42 
8 95.5 0.44 
9 103.5 0.45 
10 113. 0 0.46 
11 162.5 0.53 
12 173.0 0.54 
13 181.5 0.55 
14 191. 0 0.57 
16 209.5 0.59 
17 220.0 0.60 
18 231.5 0.62 
TABLE 9 
OUTPUT VALUES FOR EXPT. NO. 9 (a = 400 m/s) 
K Al A2 
MPa liil MPa//iil MPa/ml.S 
1.52 5.1 -401 
1.60 -8.4 77 
1.56 -2.5 -216 
1.50 0.6 26 
1.64 -35. 0 1167 
1.57 3 ') -~ -252 
1.55 2.8 -325 
1.53 5.3 -387 
1.54 -0.6 -275 
1. 71 -3.8 87 
1.83 -5.1 -237 
1. 7-3 4.4 -910 
1. 74 11. 5 -143 
1. 82 9.5 486 
1.82 21.2 -3 
1.91 13.3 -379 
(J B1 ox MPa/m MP a 
5.0 31.1 
6.1 1. 0 
5.6 10.7 
5.8 9.3 
7.6 ' 1.4 
5.6 13.5 
5.6 18.0 
5.4 30.5 
5.8 18.6 
5.8 -5.7 
5.6 -1. 8 
4.6 47.6 
4.4 -7.6 
3.8 -48.4 
2.8 -32.8 
3.4 -6.5 
B' 2 
MPa/m 
1874 
151 
690 
724 
-2958 
1248 
1167 
1737 
897 
-1195 
342 
2265 
683 
-1000 
1032 
1851 
2 RI= (J oxrw o K 
1. 78 
2.06 
1.94 
2.09 
2.51 
1. 93 
1.95 
1. 91 
2.04 
1.83 
1.65 
1.44 
1.37 
1.13 
0.83 
0.96 
'-I 
"""' 
TABLE 10 
~r' Branching Angles and Pre-branching Fracture Areas for all the Experiments 
EXPT. NO. cr cr Pre-branching Branching Kbr y x fracture area Angle (degrees) (MPA) (MPA) (cm) 2 (MPA liil 
#2 3.85 0 17.8 23 1.84 
(branching attempt) 
#5 4.6 -1. 2 15.0 29 2.01 
#6 4.6 -2.34 12.4 24.5 1.91 
'-1 
(./l 
#7 4.75 1.65 4.8 30 2.2 
#9 3. 71 6.4 10.8 73 1. 91 
#10 4.51 4.66 3.5 45° 2 
EXPT. NO. 
5 
6 
7 
9 
TABLE 11 
Sununary of Calculated r Values 
0 
\r 
(MPAvm) 
. 2 .01 
1. 91 
2 . 21 
1. 91 
a 
ox 
(MPA) 
- 2. 8 
- 7.4 
- 3.4 
3.4 
r 
0 
(MM) 
8.1 
1.1 
6.8 
4 .8 
-.._] 
(J\ 
~ 
77 
APPENDIX 
10 
20 
DISP "HELLO, PLEASE SEE CRT OR PRINTER FOR INSTRUCTIONS" 
WAIT 3000 
30 
40 
DISP "TH IS PROGRAM US ES DYN.6 PARA-MODEL : ALL OU TPUT IN S. I.UNITS" 
WA IT 3000 
50 
60 
DISP "DATA TO BE FED THRU DIG IT I ZER INCLUD ING FR.ORDER" 
WAIT 3000 
71) 
80 
DISP "I F THE VALUES CONVERGE BEFORE ASSIGNED ITRNS. STOP PROGRAM" 
l·JA IT 3000 
90 
100 
110 
120 
130 
DI SP " NOW YOU MA Y START" 
WAIT 2'100 
PRINT "FEED EXPT • F ~AME NO. " 
I t;P UT 02 , 03 
PRI IHER JS 0 
14\:J PR!IH IJ~. ING "K " ; "E::PT ", 02," ", "FFi:At•J E",03 
150 F·F: iti T " - ·· - - - - -· ···· - -· " 
160 PRlllTER rs 16 
170 
181il 
PRlllT "FEED IN ! Ill Tl AL A() ETC. -ALL HI S. l. UNITS" 
INPUT A0,A1,A2,B0,Bl,B2 
190 
20lil 
PRINT " INITIAL AO ETC.=", AO, Al,A2,BO,B l,B2 
PRINT "FEED IN C,C1 , C2-ALL IN M/ SEC" 
2 10 INP UT C, Cl,C2 
220 PRINT ·· c= ··,c,"C l= '' ,Cl, ''C2: '' ,C 2 
2:30 
240 
PRUIT " FEH• HI FSIG r·rl"i•. r • IN MPFi-!VFfdHGE "° THIC KN ESS ( H) IN r1ETER" 
INPUT F,H 
250 PRINT " FS IGMA= ",F, "T HI C~NESS=", H 
260 
270 
PPIIH "FEED I ii MlflfMUM FRINGE ORDER TA VEN,fUOO" 
INPUT IHOO 
280 PRINT "N-MIN!MUM=",NIBO 
290 DI SP "DO YOU WANT I NS TRUCTNS . FOR FEEDING FR.ORDERS ON THE RMAL PRI NTER?" 
300 l<A IT 3000 
3 10 
:320 
DI SP "I F YE'o, FEED !=I; IF IW, FEED 1=0 " 
WA IT .j(J()liJ 
330 
340 
350 
360 
370 
381) 
390 
41)0 
410 
!flPUT "F EED I ", I 
IF I =0 THEH PR !IH£F; Vi 1 €. 
IF 1• 1 THEN PRINTER IS e 
PR!tlT US !flG "tc"; "FR . OF:DER" ," 
FOR J•c• TO 6 
PR I NT USI NG 3~~; NlD0+. 5 * J, J 
HIACE 2X ,D.D,10X,D 
NE XT J 
PRllHER IS 16 
", " BUTTOl·I ORDER " 
420 DIM R ( ~0 ) ,0 ( 60),H ( 60 >, G < 60 > ,A C6 0,6 ) ,U (6 , 60 > ,Q C 6 1 6 ) 1 W (6 1 6 ) 1 YC 6,6 ),P(6 ) ,XC 6 ) • >~ 1 < 6 0 ) , Y 1 { i.O ) , C ( £, ~:; ) , N 1 ,.. 6 13) 1 H2 ( 6€1 ) , D <. 60 ) , T ( 60) 
430 PRINT "FEED TOTAL NO. OF DATA PTS." 
440 IMPUT N3 
458 PRINT "INPUT ACTUA L DISTANCE BETWEEN 2 ADJACENT MARKS<Dl IN INCHES " 
46€• !fWUT f1 
478 PRINT " TO FIHD SCA LE FACTOR, INPUT CO-ORDINATES OF MARKS CK l,Yl , X2,Y2 l " 
48 0 EHTEF: ?t11; ·:. s , :-: 1, Y1 
490 ENTER 70 l; S5 , X2, Y2 
500 . PRIHT ~ 1 ,Yl, X2, Y 2 
510 Rl=SOR \~"f2 - Y 1 ~ · - 2 + <X2-X 1 ) ' · 2> 
~20 r1t1:!1 / R 1 
531) PRJfH "'>CALE FACTOR=",rll'l 
'540 PRillT " TO F Iftro IliCLlllATJON OF ' CRACK L!ljE,FEED CO-ORDltlATE ~. OF 2 F·T,; , 1) N CR 
ACK LINE < x·3 , ~ · 1 ,:< 4,)' 4 ) '' 
550 Et·lTER ?Ot; S ~ . ~'. 3 , ~' 3 
5~0 ENTER 70 l ; S5 , X4, Y4 
570 y7.y4 - ·; ·:; 
5 8 €t :=< ?= ~<;4 ~~:: :3 
590 Ol =ATN <Y 7 / X7 ) 
600 IF (Y; ~ =O) AND (X ; > ~O ) THE N 0 1=01 
610 IF ('(7 , - ~ tJ J ht l D ( )< 7 <, 0 > THEH Ol =Ol +PI 
620 IF ( Y7 CO• AND (X7 , Dl THEN 01 =0 1-PI 
630 IF ,y7 , 9 , AND <X 7 >0 ) THEN 01 • 01 
~40 AJ- 01 ~ 1ao1· Pt 
650 RRllH " INCLINATION OF CRACK LINE<IN DEG . . >=", A3 
660 PRINT "FEED CRACK TIP LOCATI ON <X5 , Y5 ) " 
670 EHTER 70 1 ; S5 , X5, Y5 
680 PRINT "CRACK TIP CO- ORDINATES ARE AS FOLLOWS ; - • 
690 PRINT X5,Y5 
t;9 1 PRIHTC.K l S id 
700 PRJIH 1_1 ,:;!flG " :'.,f'. , 14':, f'. , 4X, K,6>; , K"; "F'T ,llO . ·, "F'. AD IIJS HI INCHES", "TH ETA !ND 
EG. •, "FR . OR[•ER" 
7 1\j DISP " INPUT DATA FOR FcA[•I US<R) , THETA <OJ ,FR .. ORDEF;( N)" 
726 WAIT 100 
73~ FOR !=I TO N3 
740 ENTER 701;C ( I l , XI CI >,Yl ( l l 
750 X6= XI <I l - XS 
760 Yci~)' l l l >-Y5 
770 
780 
7~0 
800 
810 
820 
930 
840 
8!50 
8!51 
960 
861 
870 
880 
990 
900 
910 
920 
930 
'340 
950 
960 
970 
980 
990 
10 00 
1010 
1020 
1030 
1040 
I l)~, 0 
1060 
1(170 
1680 
1090 
1 100 
1110 
11 20 
1 1 :31) 
1140 
1150 
1160 
11 ?t1 
11 8 0 
11 9 13 
1200 
1 2 10 
12 2 0 
1230 
12 40 
12 50 
12 60 
1270 
1:280 
1290 
1 30<1 
13 10 
1 3 20 
1330 
..... 1 ·:· 4 0 
l ) ~~ 
1 ·3150 
1370 
1380 
1 :39 0 
1400 
1410 
1420 
1430 
1441) 
14 5 0 
1460 
1470 
1480 
1490 
1500 
1510 
1520 
15 3 0 
1'540 
1550 
1560 
15 7.:i 
1580 
1590 
1600 
1610 
R<l l •M0• SQR CXj A2+Y6•2) 
02•ATN <Y 6 / X6 1 
78 
IF < Y ~ > =O> AND <X6 >=0 > THE~I 02 a0 2 
IF <Y6 >•0 l AND <X6 <0 ) THEN 02c0 2 +PI 
IF ( Y6 <<1 l AND <X 6 <0 l THEN 02•02-PI 
IF <Y6 <0 l AND ( X6 10) THEN 02•02 
A4•02•180 / PI 
O<l l •A4-A3 
N( l ) •N100+C<l ) / 2 
PRIHTER IS 0 
PRHIT l , R(l ), Od l ,H(I > 
PRltHER IS 16 
R< I l =R < I.>< . 0 2!54 
O<l >•O Cl l •Pl / 180 
NE XT I 
INPUT " ITRNS.= ? ",J 
REAL Ll,L2,L12,L22, I21, 122, 131, 132 
L12=1- ( C/ Cl ) ·' 2 
L22=1- ( C/ C2 ) ·' 2 
Ll=SOR <L12 > 
L2 =$0R ( L22 1 
FOR L=l TO J 
FOR l=l TO N3 
Sl= S ltH O( I l l 
S2=C0:3 ( 0 ( I ) :.• 
S 3;;;TF1t·h 0 ( I )) 
Xl•R <l l '> S2 
Yl•R <l ) •Ll• S l 
X2= Xl 
Y2=R <l l •L 2 • S l 
FI =ATIH LI •S 3 > 
F2=HTtH L2+. S3 ) 
IF CX1 >=0l AND <Y >=O l THEN Fl=Fl 
I F •X l • e , AN D YI e . THEN Fl=Fl 
IF <X l <Ol AN D Yl OJ THEH Fl ~3 .14159+Fl 
IF c;:1 S l AtHt \' l <Ol THEii Fl=- 3 .14159+Fl 
I F : ; '. t =0 > Hr ID ( Y2 ··,- = O) TH F.M F ? =F 2 
IF <x 1 , e l AND <Y 2( 0 ) THEN F2=F2 
IF {.'<l <O> At-HI <Y2 >0 ) THE t·l F2= :3 . l415 '3-+-F 2 
IF , ·_ ;.~ 1 ,~ ~j , H ~lD t. 'l2 < 0 ) THEil F2=- 3 . 14159 +F2 
S 12:: S 1 ·• 2 
R 01= R t. l ) •SQR ~ l- ( 1-L12 ) ~ S 1 2 ) 
R0 2 =R < I J*S QR ( 1- ( 1-L 2 2 > ~S 1 2 ) 
'.::Ol= S Hl< Fl · 2> 
:; 02 =c o ·; < F 1 / 2 .-' 
·; u:::.: =co:; <.:;:* Ft / .2 -. 
·:.04 ;C0S( F 1 / 2 > 
S05= C0 $(3• F2 / .2 > 
S 06; (: CJ :; 1. F 1 > 
:; Oi=COS< 2-iF l ..i 
S08=C0 S( F2 ) 
·;o·3= COS ( 2 *F 2. ) 
S0 H>• S IN C3 •F l .· 2) 
S011= S it·h F2 / 2) 
S01 2 =SIH <. Fl ) 
R 2 t=Ao+se2 / R01 A .~·A1~Ro1 A . s~ s o 2 +A2•R0t A 1.~*s03 
R22=A0• S04 .' R02 A . 5 +A l~ R02 ·~ .5•S04+A2+R0 2 A l,5*S05 
R 31=BO+Bl*R0 1+ S0 6 -+-B2*R01 A 2~S07 
R32 = D O tB1 x R02~~D J ; · B 2 t P 0 2 ~ · S O ? 
l~t a. -f1(1· ·; 01 f" Dl ' .5 .. 111 ... ~· ut , 5. ·; 01+A 2 • R 01 ·· 1 . ~111- s 010 
122 ; -80* S0 11 ~ 02 A .5+A1*~0 2 A ,5~ S 011+A 2 *R02 A l,5*$1N ( 3*F2/2 ) 
13 1=Bl*R0 l *S 012+B 2 *R01 ·-2* S IN ( 2* F1 ) 
13 2=Bl*R 0 2• S IN <F2 ) +B2*R02 A2*SIN <2•F2 ) 
W=4*Ll•L2 / ( l+L22) 
D( I J = <W*R 22 - ( l +L1 2 l *R21 >/( W- ( l+L22 ) ) +(( l+L 22 ) *R 3 2- ( l+Ll2 ) *R3l ) / ( l12-L22 > 
T ( I ) = 2 * L 1 * ( I 22-1 21 )/ O·J-1-L22 ) + ( ( l+L 2 2 >····2• I 3 2 / ( 2 * L2 ) - 2 *L 1 +131 ) J ( L12-L2 2 ) 
G( [ , ;D ( I J ·· 2 + 'f ( J ) · 2- ( N ~ l ) * F -· ,2 *H )) A 2 
Dl= ( W*S04 / R0 2 1 • ,5- ( l +Ll2 ) *S 02 / R01 A.5 ) / ( W-1-L2 2) 
D2= ( l.-J * · :. 0 4*~'f1 2 h· . 5- •: 1+L1 2) *R01 '·· . 5* S02 .J • ( W-1-L22 .> 
D '3= { W * :3 0 5 * R 0 ~ A t. 5- ( l+L12 ) * S 0 3• P01 A l.5 ) / ( W-1-L22 ) 
D4=-1 
D5= ' ' l +L~ 2 > *~0 2*S 0 8 - ( l+Ll2 > •R01*S06 ) ( L12-L2 2> 
D6= ~ \ l +L22 J * R02 ' ' 2* S 09- , l+l12 ) •R01 A 2* S 07 ) / ( L 1 2-L22 ) 
Tl= ( S 0l / R01 ~ . 5- S 01l / R 0 2 A . 5 J * 2 *Ll / ( W-l-L 22 ) 
T2=2•Ll• ( S81l •R B2 • .5- SBl•P01 A.5 ) , , W-1-L 2 2 l 
T 3 =2*Ll* < R02 '· 1.5* S IN < l.5*F2 ~ -R01 1.5*S010 ) / ( W- (l +L 22 J ) 
T4=0 
T5= (( 1+L 2 2 l· · 2~R 02+ S I N ( F 2 \ / 1 2• L2 ) -2* L l&R0 1 * S 012 ) ~ L1 2 -L22 ) 
T6; (( 1+L22 ) A2*R 02 A2*SIN ( 2 *F2 ). ' (2 •l2 ) - 2*ll * R01 A2 *S IN (2 *F1 )) / •. l 12 -L 22) 
A( I, 1 )= 2 +D< l >*Dl+ 2 *T ( l ) *T1 
A ( l,2 J = 2•D C l ) *D2+ 2* T ( I J ~T 2 
A(l, 3 J = 2 •D ( IJ*U3+2•f , 1 J *l ~ 
A<I,4 >=2•D ( l ) *D4+2•T ( l 4 T4 
A( !, 5 >=2 •D ( J ) * D5+2•T ( l *T5 
A t ,6 >=2*D ( l ) •D6+ 2 *T(J 4T6 
NE XT I 
1620 
1630 
1640 
16'50 
1660 
1670 
16t:o 
16 '30 
1700 
1710 
1720 
1730 
1?31 
1 7:32 
1733 
1740 
1750 
1760 
1770 
1780 
1790 
1800 
1810 
1820 
1830 
1841il 
1850 
1 8~d 
1852 
18 0 0 
18 :' 0 
1871 
1880 
1890 
i ·:;oo 
1·j1 0 
1 ·:;~o 
1 '1 30 
l 'H0 
1 ')5(1 
I 9':. i 
1 '?"50 
1970 
t ·~80 
MAT U=TRNUI ) 
MAT P=U*G 
MAT Q=IJ•A 
MAi W=HIV ( Q) 
MAT 't= ( -l )*W 
MRT X=''l*P 
AO= AOT >>- 1 ) 
Al=Al+ )( ( 2 ) 
H2=A2+ ~~( :3 ) 
BO=B0+ X( 4 ) 
B 1 =Bl +>i ( 5 ) 
B2=B2+ X( .; ) 
IF L>J-4 THEN 1733 
GOTO 1 740 
PR HITER Vi u 
PRltH "ITERATI Otl llO.= " ,L 
PRINT •------- - ----" 
79 
PRINT '' INTER ~1 EDIATE A0 ETC.= '',A0.A1.A2,B0,B1,B2 
MAT G=ZER <N3) 
FOR I l=l TO 1-13 
Nl ( ll ) =SQRCD { ll 1 A 2+T ~ l1 J '· 2-G ( ll )) ... 2*H / F 
N2 ( I l ) =RBS <N ( I 1 ) -Ill ( I 1 ;o ; 
NE:<T II 
FOR I 2=2 TO IB 
N2 <12 ) =N2 ( 12 J+N2 < I 2 -1 ) 
11Di T 12 
N60 • t-t~: < t·r 3 ) / t·l 3 
PRINT "AV ERAGE FR. 0 RDER ERROR=",N60 
PRIIHER 1 '3 1.:; 
tlLi f L 
K t =HU ·"" : .uR 1. 2..-P 1 ) 
PRllHEf;: t ·3 0 
PRINT " FINAL V ALUE ~ OF THE SI X PARAMETERS ARE;- " 
PRINT "----- -- --- - -- --- -------------------------" 
PF~ JtH u::. It·H:; "k, t· 1="," '',Kl," 
PRirn u ·:. ft l(~ " t '' : " Ht.::'', " ", Al, " 
PRit-IT US itlG " ~· ·· t1.2 = " ' II "' Ft.2," 
Pf.~ ltil U:31HG · · ~=: " ; " BU= '' ," ",E:U," 
PF"lt·lT u·:: ItiG " t·" ; " f.:t="," '' ,Bl," 
", " MPA-SQR I METER l" 
", " MPA / SC!R <l'IETER l " 
"," MPH / MA!, 5" 
" , " MPA" 
", "11PH / l•I" 
PF· !t!T u ·; I H 1~ " f '' : " 8:? = " " ,f.:2," "," l'lF'~· ' f•F, 2" 
F·F· I tlTEF· I ·: l ~ 
DISP " IF THE PARAMETERS HAVEN ' T CONVERGED DON ' T USE THE VAL UES" 
~·IHI T 3u0.0 
EllD 
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